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for  the  Degree  of  Doctor  of  Philosophy 

THE  THEORY  OF  THE  FIRM  UNDER  INPUT 
PRICE  UNCERTAINTY 

By 

Richard  George  Flood 
August  1978 

Chairman:  Ira  Horowitz 
Major  Department:  Management 

The  purpose  of  this  research  is  to  examine  the  theory  of  the 
firm  under  cost  uncertainty.  Empirical  evidence  suggests  that  input 
costs  are  random.  As  a result,  the  decisions  of  the  firm  should  be 
analyzed  in  light  of  this  uncertain  environment.  The  traditional  neo- 
classical model  of  the  firm  assumes  a nonstochastic  world.  Uncertainty 
significantly  alters  the  optimal  decisions  of  the  firm. 

This  research  examines  the  effects  of  input  price  uncertainty 
on  the  perfect  competitor,  the  duopolist,  and  labor  negotiations.  It 
assumes  that  the  firm  is  an  expected  utility  maximizer  and  uses  a 
decision-theoret ic  approach  to  solve  for  the  optimal  strategies  of  the 
firm.  The  results  of  the  analysis  are  compared  and  contrasted  with 
those  of  the  nonstochastic  model. 

The  problem  for  the  competitive  firm  is  to  choose  the  optimal 
quantities  of  capital  and  labor  as  to  maximize  profits.  The  cost  of 
capital  is  assumed  to  be  a random  variable  for  which  a probability 
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density  function  has  been  assessed.  The  decisions  of  the  firm  are 
analyzed  in  light  of  its  preference  for  risk.  It  is  shown  that  the 
firm  may  not  operate  at  its  cost  minimizing  capital-labor  combination 
and  that  under  some  circumstances  the  entrepreneur  may  prefer  a 
risky  situation  to  a riskless  one. 

The  assumption  that  the  wage  rate  is  aonstochastic  is  based 
on  the  observation  that  contracts  exist  between  labor  and  the  firm 
which  fix  wage  rates  for  the  duration  of  the  agreement.  The  risk 
attitudes  of  the  bargaining  parties  are  analyzed  as  to  their  effects 
on  these  contracts.  It  is  shown  that  the  ability  to  assess  the 
probability  distribution  of  the  wage  rate  and  the  utility  function  of 
the  opposing  party  is  essential  for  the  agreement  to  an  acceptable 
wage . 

The  behavior  of  the  duopolist  is  modeled  in  a stochastic 
environment.  The  model  is  shown  to  resu] t in  a stable  equilibrium 
although  the  industry  output  declines  from  that  of  a world  of  cost 
certainty.  Suggestions  are  made  for  extending  this  research  to 
otlier  market  structures  and  for  incorporating  other  forms  of 
uncertainty  into  the  model. 
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CHAPTER  I 
INTRODUCTION 

Purpose 

The  neoclassical  theory  of  the  firm  assumes  that  production 
functions,  demand  curves,  and  factor  supply  curves  are  known  with 
certainty;  or,  even  if  a degree  of  uncertainty  exists  about  these 
functions,  the  entrepreneur  behaves  as  if  they  are  known  with 
certainty.  A particular  functional  form  may  be  assumed,  or  the  firm 
may  estimate  these  forms  and  use  the  estimates  as  dogmatic  input  to 
its  decision  process.  This  certainty  assumption  leads  to  an 
unambiguous  description  of  the  optimal  behavior  of  the  firm.  Wliile 
almost  every  phase  of  economic  behavior  is  affected  by  uncertainty, 
deterministic  economic  theory  does  not  provide  an  adequate  description 
of  individual  firm  behavior  in  a stochastic  environment.  Recent 
developments  in  decision-making  processes  under  uncertainty  have  made 
it  possible  to  consider  uncertainty  in  a fomal  sense. 

The  effects  of  demand  and  production  function  uncertainty  have 
been  thoroughly  explored.  The  results  Indicate  that  optimal  firm 
behavior  is  significantly  modified  when  uncertainty  is  considered. 

The  effects  of  stochastic  input  costs  have,  however,  remained 
relatively  unexamined.  The  purpose  of  this  research  is  to  investigate 
uncertain  input  prices  as  they  affect  the  competitive  firm,  the 
duopolist,  and  managment-labor  wage  negotiations. 
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Random  Costs 

The  firm,  as  a purchaser  of  Inputs,  faces  constantly  changing 
factor  costs.  Inflation  is  one  factor  that  causes  costs  to  rise,  but 
even  with  the  effects  of  inflation  removed,  input  costs  still  change 
in  what  appears  to  be  a random  manner.  There  are  a number  of  reasons 
for  this  phenomenon,  the  principal  one  of  which  is  that  the  factor 
supply  functions  undergo  random  shifts.  A freeze  in  Brazil  that 
reduces  the  supply  of  coffee  beans  increases  the  raw  material  costs 
of  the  coffee  producers;  a one  shot-decision  by  the  government  of  the 
Soviet  Union  causes  a shortage  in  the  United  States  and,  therefore, 
the  cost  of  wheat  rises;  and  the  oil  supply  of  the  world  changes  from 
year-to-year  as  do  the  costs. 

A second  explanation  for  random  costs  is  technology. 
Technological  progress  in  the  electronics  industry,  for  example,  has 
had  a profound  effect  on  costs.  The  development  of  the  transistor 
has  reduced  the  cost  of  producing  radios,  televisions,  computers,  and 
other  electronic  instruments.  More  effective  fertilizers  and  pest 
control  chemicals  reduce  agricultural  costs. 

Third,  competition  or  the  lack  of  competition  affects  costs. 

If  there  are  many  producers  of  the  input,  the  cost  may  remain 
relatively  stable,  whereas,  if  a monopoly  or  a collusive  oligopoly 
produces  the  input,  then  they  may  have  a monopolistic  control  over  the 
price  of  the  input.  The  oil  producing  nations  in  the  Mideast,  in 
collusion,  have  frequently,  and  in  a nonpredictable  manner,  changed 
the  price  of  that  resource. 
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Finally,  governmental  controls  may  cause  randomness  in  costs. 
The  prerogative  of  the  government  to  institute  price  and  wage  controls 

makes  costs  uncertain  in  the  long  term.  Corporate  tax  rates, 
tariffs,  and  price  supports,  all  of  which  are  controlled  by  the 
government,  influence  factor  prices. 

Labor  costs  are  also  constantly  changing.  Although  the  over- 
whelming tendency  is  for  wages  to  increase  over  time,  the  existence 
of  wage  contracts  does,  in  the  short  term,  stabilize  labor  costs. 

Thus,  the  firm  may  face  some  costs  that  are  random  and  others  that 
are  not.  This  research  examines  the  firm  in  this  environment. 

Methodology 

The  entrepreneur's  problem  is  to  maximize  the  expected  utility 
of  profits.  It  is  assumed  that  he  has  assessed  a utility  function 
that  reflects  his  attitude  toward  risk.  The  methodology  employed  in 
this  research  is  decision-theoretic.  The  analysis  used  was  first 
suggested  by  John  von  Neumann  and  Oskar  Morgenstern  (1944).  The 
acceptance  of  a set  of  behavioral  axioms  is  the  essential  assumption 
for  the  model.  This  set  of  axioms  defines  rational  behavior  in  a 
decision-making  situation. 

The  two  useful  measurements  of  risk  aversion  were  developed 
by  Pratt  (1964)  and  Arrow  (1971) . The  measurements  Indicate  the 
extent  to  which  an  individual  wishes  to  avoid  or  accept  risk.  The 
first,  which  is  called  absolute  risk  aversion  and  is  defined 


measures  an  individual's  propensity  to  accept  risk  as  a function  of 
his  wealth  level.  The  second,  which  is  called  relative  risk  aversion 
and  is  defined 


R = -$’U"($) 

R U'($)  ’ 

measures  the  proportion  of  wealth  that  an  individual  is  willing  to 
invest  in  a risky  asset  as  a function  of  his  wealth  level.  Arrow 
(1971)  proposed  that  a utility  function  should  display  decreasing 
absolute  risk  aversion. 

As  previously  stated,  the  entrepreneur's  presumed  objective  is 
to  maximize  the  expected  utility  of  profits.  Profit  is  defined 

TT  = P-Q  - f*K  - w*L 

where  P is  price,  Q is  quantity,  K is  the  amount  of  capital  utilized, 

L is  the  amount  of  labor  employed,  and  f and  w are  the  costs  of 
capital  and  labor,  respectively.  The  cost  of  capital  is  a random 
variable  that  is  described  by  a probability  density  function  f(r). 
Defining  a utility  function  in  the  von  Neumann-Morgenstern  (1944) 
sense,  the  general  problem  in  this  research  is  to  determine  factor 
input  levels  that  maximize  E[U(tt)]. 

The  model  and  approach  assume  that  one  can  define  a unique 
utility  function  and  a profit  function  that  satisfy  the  first-order 
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and  second-order  conditions  for  solving  a multivariable  optimization 
problem.  Attempts  to  empirically  derive  such  functions  have  been  less 
than  successful.  But  if  one  is  willing  to  accept,  at  least  in  theory, 
these  assumptions,  then  the  von  Neumann-Morgenstern  (19A4)  decision- 
theoretic  method  is  appropriate  for  the  analysis  of  the  entrepreneur's 
factor-choice  problem. 

Organization 

Chapter  II  gives  a general  review  of  the  literature  on  the 
stochastic  theory  of  the  firm  and  a more  detailed  examination  of  the 
specific  research  most  closely  related  to  this  study.  Chapter  III 
examines  the  traditional  theory  of  the  firm  and  introduces  cost 
uncertainty.  Contrasts  and  comparisons  are  made  between  optimal 
behavior  in  a world  of  certainty  and  in  an  uncertain  environment. 

Chapter  IV  investigates  the  effects  of  an  uncertain  wage  rate 
on  labor  negotiations.  The  effect  on  both  the  firm  and  labor  are 
analyzed. 

Chapter  V discusses  the  duopoly  model  under  cost  uncertainty. 
Again,  comparisons  are  made  with  the  nonstochastic  case. 

Chapter  VI  concludes  the  research  with  a summary  of  the 
results  and  recommendations  for  further  research.  The  appendixes 
Include  mathematical  proofs  of  some  of  the  material  presented  as 
postulates  in  the  main  text. 

Objectives 

The  primary  objective  of  this  research  is  to  reexamine 
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traditional  economic  theory  and  firm  behavior  when  input  prices  are 
random.  The  secondary  objective  is  to  demonstrate  the  application  of 
decision  theory  to  economic  problems. 
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CHAPTER  II 
LITERATURE  SURVEY 

Introduction 

There  has  been  a rather  extensive  investigation  of  the  effects 
of  uncertainty  on  the  theory  of  the  firm.  Most  of  this  research  has 
dealt  with  demand  uncertainty;  principally,  uncertainty  with  respect 
to  price,  where  output  is  the  decision  variable  of  the  firm. 

Although  this  literature  has  in  the  main  ignored  input  price 
uncertainty,  it  has  nevertheless  provided  the  framework  for  the 
problem  area  under  consideration  in  this  dissertation.  The  purpose 
of  the  present  chapter  is  to  give  an  overview  of  representative 
literature  in  the  general  area  of  uncertainty  and  the  theory  of  the 
firm,  followed  by  a more  detailed  discussion  of  the  literature  closely 
related  to  the  topic  of  this  research.  This  survey  is  divided  into 
three  sections  as  follows: 

1.  Uncertainty  and  the  Theory  of  the  Firm, 

2.  Uncertainty  and  the  Cournot  Model,  and 

3.  Input  Price  Uncertainty  and  the  Theory  of  the  Firm. 

For  other  literature  surveys,  the  reader  is  referred  to  McCall  (1971) 
or  Baron  (1970) , 


Uncertainty  and  the  Theory  of  the  Firm 
The  first  efforts  to  Introduce  uncertainty  into  the  theory 
of  the  firm  did  so  by  considering  the  firm  with  a linear  utility 
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function,  that  is,  the  firm  that  is  indifferent  to  risk.  Price  was 
assumed  to  be  the  stochastic  element.  Oi  (1961)  assumed  that  the  firm 
could  instantaneously  adjust  its  production  level.  The  objective  of 
the  firm  was  to  maximize  expected  profits.  His  results  indicated  that 
a random  price  was  preferred  to  a certain  price  by  the  purely  com- 
petitive, risk-neutral  firm.  Furthermore,  this  preference  for  price 
uncertainty  can  also  be  seen  in  some  firms  with  nonlinear  utility 
functions . 

Tisdell  (1963)  criticized  Oi's  (1961)  assumption  of  instan- 
taneous adjustment  of  production.  Tisdell  assumed  that  the  firm  was 
an  expected  profit  maximizer  that  must  plan  output  in  advance  of 
observing  price.  The  optimal  output  of  the  firm  under  these  circum- 
stances is  to  produce  at  the  level  where  expected  price  equals 
marginal  cost.  He  also  showed  that  the  firm  is  indifferent  to  price 
uncertainty. 

Oi's  (1961)  assumption  is  equivalent  to  perfect  price  pre- 
diction, whereas  Tisdell's  (1963)  assumption  is  equivalent  to  no 
predictive  ability  at  all.  Nelson  (1961)  examined  the  quantity- 
setter  under  various  degrees  of  price  prediction  ability.  Assuming 
a quadratic  total  cost  function,  Nelson  developed  a model  that 
demonstrated  that  as  the  predictive  ability  of  the  firm  improved, 
its  expected  profits  Increased.  His  results,  at  the  limits  of  perfect 
prediction  and  no  predictive  ability,  corresponded  to  Oi's  and 
Tisdell's  results.  Furthermore,  Nelson  showed  that  the  value  of 
prediction  to  an  Individual  firm  tends  to  decrease  as  more  firms  in 
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the  industry  have  predictive  ability.  Zucker  (1965),  assuming  a 
constant  elasticity  supply  function,  derived  a certainty  price  that 
showed  the  equivalence  of  the  Oi  and  Tlsdell  results. 

Fenner  (1967)  was  one  of  the  first  researchers  to  investigate 
the  effects  of  nonlinear  utility  functions  on  the  theory  of  the  firm. 
Specifically,  he  showed  that  a risk-averse  firm  that  produces  in 
advance  of  demand  being  known  will  produce  less  than  the  risk-neutral 
firm.  Also,  the  risk  taker  will  produce  more  than  the  firm  with  a 
linear  utility  function.  Fenner  also  investigated  the  effects  of  a 
Pi^ofits  tax.  His  results  indicated  that  the  output  of  the  firm  with 
nonlinear  risk  preferences  is  reduced  when  a profits  tax  is  intro- 
duced. 

Hymans  (1966)  and  Horowitz  (1969)  considered  the  price-taker 
and  the  price-quoter  under  uncertainty,  respectively.  Hymans  showed 
that  price  and  supply  are  positively  related  for  risk-neutral  firms, 
but  may  be  negatively  related  if  the  firm  is  risk  averse.  He  further 
showed  that,  for  any  risk  preferences,  the  firm  produces  less  under 
uncertainty  than  it  would  under  certainty.  Horowitz  showed  that  the 
prices  preferred  by  different  firms  in  an  industry  will  tend  to  differ 
as  their  risk  preferences  differ.  Also,  he  showed  that,  with  increas- 
ing marginal  costs,  the  risk  averter  prefers  a price  such  that 
expected  marginal  revenue  is  less  than  expected  marginal  cost  and 
that  the  risk  taker  prefers  a price  such  that  expected  marginal 
revenue  exceeds  expected  marginal  cost. 

Baron  (1970),  Sandmo  (1971),  and  Leland  (1972)  examined  the 
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competitive  firm  under  demand  uncertainty.  Baron's  results  Indicate 
that  prices  are  higher  and  output  lower  in  an  industry  where  risk 
aversion  prevails.  Second,  risk  aversion  in  a purely  competitive 
environment  explains  the  existence  of  expected  profit  even  at 
equilibrium.  Third,  the  competitive  firm  does  not  operate  at  its  most 
efficient  output  level  since,  at  equilibrium,  the  marginal  cost  of 
the  risk  averse  firm  is  less  than  average  total  cost.  Finally,  he 
shows  that  fixed  costs  do  affect  the  short-run  output  decisions  of  the 
risk-averse  firm  unless  its  utility  function  displays  constant 
absolute  risk  aversion.  Sandmo  assumed  the  firm  must  make  a commit- 
ment as  to  its  production  level  in  a world  of  price  uncertainty.  He 
investigated  the  comparative  statics  of  the  firm  and  showed  that  the 
firm  does  react  to  increases  in  fixed  costs,  increases  in  the  mean  of 
the  distribution  of  price,  and  increases  in  the  tax  rate.  Decreasing 
absolute  risk  aversion  is  a necessary  and  sufficient  condition  for 
decreasing  output  as  a result  of  the  aforementioned  changes. 
Furthermore,  he  showed  that  the  competitive  firm  requires  positive 
expected  profits  in  order  to  choose  a positive  output  level.  Leland 
considered  the  case  where  the  firm  has  the  choice  of  price-setting  or 
quantity-setting.  His  results  Indicate  that  the  conclusions  of  Baron 
and  Sandmo  are  special  cases  of  a more  general  model.  The  risk-averse 
firm  is  not  neutral  with  regard  to  the  choice  between  price-setting 
or  quantity-setting.  Random  demand  and  nondecreasing  marginal  cost 
will  lead  to  a lower  price  if  the  firm  is  a price-setter  and  lower 
output  if  the  firm  sets  quantity. 
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Other  forms  of  market  structure  and  firm  structure  have  been 
analyzed  by  Mills  (1959),  Zabel  (1970),  Dhrymes  (1964),  and  Blair  and 
(1977).  Mills,  examinining  the  Imperfectly  competitive 
environment,  showed  that  the  risk-neutral  firm  equates  marginal 
revenue  with  something  greater  than  marginal  cost  and  that  if  demand 
is  uncertain  and  marginal  cost  constant  the  firm  will  charge  a lower 
price  than  if  it  operated  in  a deterministic  world.  Blair  and 

examining  the  multiproduct  firm  under  uncertainty,  showed 
that  product  diversification  will  not  necessarily  lead  to  increased 
output  as  is  generally  regarded  in  a certainty  world.  Output  expan- 
sion in  the  multiproduct  firm  requires  that  some  of  the  product 
prices  be  negatively  correlated;  otherwise,  the  optimal  output  for  a 
given  commodity  will  be  less  than  the  single  product  firm. 

Uncertainty  and  the  Cournot  Model 
The  literature  concerning  the  oligopolist  under  conditions 
of  uncertainty  is  quite  limited.  Research  in  this  area  has  focused 
on  the  problem  of  uncertainty  with  regard  to  rival  output.  The  major 
contributions  have  been  made  by  Horowitz  (1970),  Tarr  (1972), 
Hosomatsu  (1969),  and  Sato  and  Nagatani  (1967). 

Sato  and  Nagatani  (1967)  investigated  the  stability  of  the 
oligopoly  model  under  conditions  of  rival  output  uncertainty.  They 
showed  that  this  model  is  likely  to  be  more  stable  than  the  Cournot 
model.  They  also  presented  a collusion  model  that  was  shown  to  have 
either  no  possibility  of  equilibrium  or  a very  strong  possibility  of 
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stable  equilibrium.  Hosomatsu  (1969)  assumed  that  both  the  demand 
function  and  the  outputs  of  the  rival  were  unknown  quantities  and 
that  the  firm  must  estimate  price  and  use  that  price  in  an  estimated 
demand  function  to  arrive  at  the  production  levels  of  its  rival.  He 
Indicated  that  this  model  is  more  stable  as  the  number  of  oligopolists 
in  the  market  increased  and  as  the  slope  of  the  estimated  demand 
function  became  steeper  in  comparison  to  tlie  actual  demand  function. 
Furthermore,  he  showed  that  the  slope  is  the  decisive  element  of  the 
demand  function  for  stability  conditions  and  that  knowledge  of  this 
demand  function  may  make  knowledge  of  the  output  of  the  rival 
unnecessary. 

Horovjitz  (1970)  assumed  that  each  firm  assessed  a probability 
density  function  to  describe  the  output  of  its  rivals  and  that  the 
mean  of  the  distribution  in  this  period  is  the  observed  output  of  the 
last  period.  He  observed  that  the  risk-averse  firm  will  produce  less 
than  the  risk-neutral  firm  and  the  risk  taker  will  produce  a greater 
quantity  than  the  firm  with  linear  risk  preferences.  Furthermore, 
the  more  diffuse  the  assessed  density  functions,  the  greater  the 
difference  in  outputs.  He  pointed  out  that  the  main  effect  of  the 
uncertainty  was  to  shift  the  duopolist's  reaction  curves  and.  as  a 
result,  the  model  should  lead  to  a stable  equilibrium.  Tarr  (1972) 
made  similar  assumptions  which  led  to  his  conclusions  that  the  market 
will  tend  to  be  more  stable  the  faster  marginal  costs  increase  at 
equilibrium  and  tbe  more  insensitive  the  density  function  is  to  para- 
meter changes.  He  also  investigated  specific  results  for  the  case  of 
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linear  demand  and  quadratic  costs. 

Input  Price  Uncertainty  and  the  Theory 
of  the  Firm 

The  literature  that  has  investigated  the  topic  of  input  price 
uncertainty  is  also  rather  limited.  There  have  been  five  major 
research  efforts  that  have  concentrated  on  this  area  or  related  areas. 
Batra  and  Ullah  (1974)  and  Holthausen  (1976)  have  analyzed  input 
demand  theory  under  price  uncertainty,  Rothenberg  and  Smith  (1971) 
have  researched  the  effects  of  resource  supply  uncertainty  on  the 
allocation  of  resources,  Doeleman  and  Stahl  (1975)  have  looked  at  the 
effects  of  inflation  uncertainty  on  labor  union  wage  demands,  and  only 
Blair  (1974)  has  investigated  random  input  prices  and  the  theory  of 
the  firm,  but  with  limited  results.  This  section  takes  a more  detailed 
examination  of  these  efforts  as  they  are  most  closely  related  to  the 
topic  of  this  research. 

Batra  and  Ullah  (1974)  examined  the  expected-utility- 
maximizing,  price-taking  firm  that  faces  an  uncertain  sales  price. 

They  were  concerned  about  the  input  choices  made  by  the  firm,  prior 
to  observing  the  market  price.  Analyzing  a two-input  model,  they 
determined,  for  a risk-neutral  firm,  that  a concave  production 
function  is  a necessary  and  sufficient  condition  for  optimality  where 
the  first-order  conditions  hold.  If  the  firm  is  risk  averse,  con- 
cavity is  a sufficient  hut  not  necessary  condition  for  optimality 
where  the  first-order  conditions  hold.  Furthermore,  for  the  risk 
taker,  convexity  is  both  necessary  and  sufficient  to  ensure  that  the 
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firm  reaches  an  optimum  where  first-order  conditions  are  met.  They 
also  showed  that  price  uncertainty  will  cause  the  firm  to  use  smaller 
amounts  of  the  inputs  and,  therefore,  lower  their  output.  As  the 
uncertainty  increases,  output  declines  further  if  the  absolute  risk 
aversion  of  the  firm  is  decreasing  with  respect  to  profits.  Finally, 
they  indicated  that  a "well-behaved"  production  function,  a function 
for  which  the  second  partial  derivatives  are  negative  and  the  cross 
partial  derivatives  are  positive,  is  necessary  to  ensure  that  a rise 
in  the  price  of  an  input  causes  the  firm  to  use  less  of  that  input. 
They  were  unable  to  ascertain  the  effects  of  this  price  increase  on 
the  utilization  of  the  other  input. 

Hartman  (1975)  criticized  the  Batra  and  Ullah  (1974)  result 
that  the  risk-averse  firm  utilizes  smaller  input  quantities.  He 
argues  that  the  correct  approach  to  the  problem  is  for  the  firm  to 
first  choose  its  output  level  and  then  choose  the  inputs  to  achieve 
this  level  of  output  at  minimum  cost  to  the  firm.  His  results  show 
that  under  uncertainty,  the  firm  produces  less,  but  that  this  smaller 
output  ambiguously  affects  input  demand. 

Holthausen  (1976)  analyzed  the  Imperfect  competitor  under 
demand  uncertainty.  His  results  indicate  that,  for  the  price- 
setting imperfect  competitor,  the  risk-averse  firm  will  use  an 
expected  capital-labor  ratio  that  is  less  than  the  optimal  ratio  under 
certainty  and  the  risk  taker  will  use  a ratio  that  is  larger.  The 
capital-labor  ratio  of  the  risk-averse  firm  approaches  the  efficient 
ratio  as  the  wealth  of  the  firm  increases  provided,  however,  that  the 
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firm  displays  decreasing  absolute  risk  aversion. 

Rothenberg  and  Smith  (1971)  examined  two  models.  The  first 
assumed  that  the  supply  of  labor  services  is  a random  variable.  A 
result  of  this  model  is  that  the  more  labor-intensive  is  the  firm, 
the  more  likely  it  is  that  the  introduction  of  uncertainty  will  lead 
to  greater  utilization  of  capital.  The  second  model  assumed  that  the 
supply  of  labor  was  known,  but  that  the  production  function  contained 
a random  component.  If  this  random  parameter  occurs  in  a labor- 
intensive  industry,  the  effect  is  to  lower  the  average  wage  bill, 
while  in  a capital-intensive  industry  the  wage  bill  increases. 

Doeleman  and  Stahl  (1975)  assumed  wages  to  be  a function  of 
the  rate  of  unemployment  and  the  expected  rate  of  inflation,  and  that 
the  labor  union  seeks  an  improvement  in  real  wages  equal  to  a per- 
centage improvement  in  labor  productivity.  Their  model  examined  the 
wage  demands  of  the  labor  union  and  the  effects  of  the  uncertain 
inflation  rate.  Their  results  indicated  that  unions  will  attempt  to 
raise  their  wages  by  a percentage  in  excess  of  expected  inflation  and 
anticipated  growth  of  labor  productivity.  They  also  suggested  that 
wage  or  tax  indexation  may  be  worthwhile  as  anti-inflationary  tools 
as  they  remove  uncertainty.  They  qualify  this  result  by  requiring 
that  the  inflation  rate  be  the  only  source  of  uncertainty. 

Blair's  (1974)  research  is  most  closely  related  to  this 
topic.  He  assumed  the  firm  is  committed  to  its  output  prior  to 
knowing  the  input  costs.  All  input  costs  are  assumed  random  vari- 
ables. The  demand  and  production  functions  are  assumed  nonstochastic. 
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His  results  indicate  that  the  expansion  path  of  two  risk-averse 
firms  facing  identical  demand,  production,  and  input  supply  functions 
may  not  be  the  same.  He  also  examined  supply  contracts  and  showed 
that  risk  attitudes  determine  the  contract  terms.  Finally,  he 
attempted  to  measure  the  optimal  response  to  increased  input  prices 
but  was  not  able  to  unambiguously  calculate  those  results. 

Summary 

Although  there  is  an  extensive  amount  of  literature  in  the 
general  area  of  the  stochastic  theory  of  the  firm,  the  research  in 
the  specific  area  of  input  price  uncertainty  is  limited.  There  has 
been  no  attempt  to  investigate  duopoly  theory  under  input  price 
uncertainty  and , while  the  competitive  firm  in  this  environment  has 
been  studied,  some  of  the  results  have  been  ambiguous  or  indeterminate. 

This  dissertation  attempts  to  fill  these  voids  in  the 
literature.  The  Cournot  model  is  modified  to  incorporate  cost 
uncertainty  and  the  effect  of  this  uncertainty  is  analyzed  with 
respect  to  output  decisions  and  equilibrium  stability.  Also,  by 
examining  the  competitive  firm  with  a two-input  production  process 
where  one  of  the  input  prices  is  random  and  the  other  fixed,  the 
ambiguity  of  previous  research  is  eliminated. 


CHAPTER  III 

THE  COMPETITIVE  FIRM  UNDER  COST 
UNCERTAINTY 

Introduction 

The  purpose  of  this  chapter  is  to  set  out  the  traditional 
theory  of  the  firm  as  a framework  within  which  contrasts  and  com- 
parisons may  be  made  as  uncertainty  is  introduced.  The  optimizing 
behavior  of  the  expected  value  maximizer  and  the  expected  utility 
maximizer  is  examined  with  specific  references  to  their  attitudes 
toward  uncertainty.  It  will  be  shown  that,  under  some  circumstances, 
even  the  risk-averse  firm  will  prefer  the  uncertain  situation. 

The  Firm  under  Certainty 

Consider  a single-product,  profit-maximizing  firm  whose  two- 
input  production  process,  Q=q(K,L),  utilizes  capital  (K)  and  labor 
(L)  to  produce  output  Q.  The  relationship  is  defined  such  that  the 

2 2 2 2 

second  partial  derivatives  8 q/9K  and  9 q/9L  exist  and  are  negative, 
so  that  the  function  q possesses  the  characteristic  of  diminishing 
marginal  productivity.  Further,  q is  strictly  concave  in  K and  L, 

2 2 2 2 2 2 

or  [9  q/9K  ][9  q/9b  ]-[9  q/9K9L]  > 0.  The  firm  is  a competitive 

price-taking  firm. 

The  cost  of  capital  is  represented  by  r,  and  w is  the  wage 
rate.  These  costs  are  assumed  constant.  Thus,  profit  (tt)  can  be 
formulated  as 
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TT  = PQ  - rK  - wL. 


The  entrepreneur,  desiring  to  obtain  the  greatest  output  for  a given 
cost,  maximizes  this  function  with  respect  to  the  inputs,  thus 
deriving  the  optimal  capital-labor  allocations. 


(Qj^  and  will  be  used  to  represent  the  marginal  productivities.) 
Thus,  solving  the  first-order  conditions. 


The  optimal  input  combination  equates  the  ratio  of  the  marginal 
physical  products  with  the  ratio  of  their  respective  prices.  This 
ratio  measures  the  reduction  in  one  input  per  unit  increase  in  the 
other  that  is  just  sufficient  to  maintain  a constant  rate  of  output 


The  input  demand  functions  for  the  producer  can  be  derived 


by  implicitly  solving  for  K and  L in  terms  of  P,  w,  and  r.  It  is 
easily  shown  that  (Henderson  and  Quandt,  1971): 
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9K 

9r 


’’«kkV 


< 0 


and 


9K 

9w 


- WkL>') 


< 0 


since  > 0 when  the  factors  are  complements,  as  is  generally 

assumed  to  be  the  case.  Thus,  the  input  demand  functions  are  do\i7n- 
ward  sloping. 

These  are  the  fundamental  concepts  of  the  traditional  theory 
of  the  firm.  The  next  section  examines  these  same  properties  under 
the  assumption  of  input  price  uncertainty. 


Rate  of  Technical  Substitution  under 
Uncertainty 

Consider  a firm  for  which  the  cost  of  capital  is  a random 
variable  with  probability  density  function  f(r),  mean  r,  and  variance 
2 

> 0.  The  wage  rate,  w,  is  assumed  fixed  by  contract.  The  problem 

of  the  firm  is  to  determine  the  quantities  of  capital  and  labor  that 
maximize  the  expected  utility  of  profit.  Assuming  a utility  function, 

U = u(tt)  , 

in  the  von  Neumann-Morgenstern  sense,  the  problem  may  be  formulated 


as 
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Maximize  Z = E[U(P*q(K,L)  - rK  - wL) 
K,L 


The  first-order  conditions  for  a maximum  are 


H = E[U'(n)  (PQj^  - ?)]  = 0 


(1) 


^ = E[U'(tt)  (PQj^  - w)]  = 0 


(2) 


Assume  the  second-order  conditions  are  met.  That  is. 


and 


where 


9 

— y = A = E[U"(TT)  (PQ  - 
OK  ^ ^ 


+ U'  (TT)  • PQ^]  < 0 


2 

^ = A = E[U"(TT)(PQ  - w)^ 

9L  ^ 


u'  (TT)  • PQ^^]  < 0 


^1^2  “ = D > 0 


B = — ^ = 

1 OKOL  E[U"(tt)  (PQ, 


K 


r)(PQ^  - w) 


+ U’(TT)PQj^^] 
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U (tt)  may  be  greater  than,  less  than,  or  equal  to  zero  denoting  risk 
preference,  risk  aversion,  or  risk  neutrality.  U'(tt)  must  be 
positive. 

Manipulation  of  (1)  and  (2)  indicates  that  the  optimal 
allocation  of  capital  and  labor  must  satisfy 

\ ^ {E[f]»ElLl'(TT)]  + cov(U'(tt),  ?)] 
E[U'(tt)]w 

(3) 

This  condition  is  in  contrast  to  the  usual  optimality  condition.s  that 
arise  under  certainty,  and  a comparison  may  be  useful  at  this  point. 
Under  certainty,  the  firm  would  operate  at  Point  A (see  Figure  1), 
where  the  isocost  line  is  tangent  to  the  production  isoquant.  At  that 
point,  the  negative  of  the  ratio  of  the  costs  of  capital  and  labor 
equals  the  ratio  of  the  marginal  products.  Assuming  for  the  moment 
that  output  remains  unchanged,  except  for  the  risk-neutral  case  (where 
the  covariance  term  equals  zero),  the  firm  will  choose  its  capital  and 
labor  combination  such  that  the  slope  of  the  isocost  line  equals  the 
ratio  in  (3),  Point  B,  as  noted,  is  the  optimal  allocation  given 
output  is  fixed.  However,  the  introduction  of  uncertainty  into  the 
model  may  lead  to  a different  optimal  output  and,  consequently,  a 
different  optimal  combination  of  capital  and  labor.  Point  B is  not 
necessarily  positioned  as  in  Figure  1;  however,  as  long  as  it  is  not 
at  A,  the  firm  is  not  at  its  cost  minimizing  capital-labor  combination. 
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Figure  1 

Input  Demand  Functions  and  Risk  Attitude 
Consider  the  risk-neutral  firm  that  behaves  as  an  expected 
value  maximizer,  is  a price  taker,  and  may  choose  its  production 
level  after  observing  the  value  of  r.  Assume  the  cost  of  labor  is 
still  fixed  and  the  cost  of  capital  is  fixed  at  the  expected  value 
of  a density  function,  f(r),  or 


Then,  maximizing  profit 


r 


r . 


iT  = P'Q-w*L-r*K 


with  respect  to  K and  L gives  the  first-order  conditions: 
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9tt 

3K 


r = 0 


w = 0. 


Solving  implicitly  for  the  optimal  values  of  capital  and  labor,  K* 
and  L*,  yields 

K*  = K*(p,r,L) 

L*  = L*(P,w,K),  and 
Q*  = q(K*,L*). 

The  optimal  level  of  profit,  tt*,  can  be  expressed  as  a function  of 
K*,  L*,  and  Q*. 


7T*  = PQ*  - _ cK*. 


Differentiating  with  respect  to  r gives  us 

9-n*  ^ 3K*  ^9Q>v  3L* 

3r  3k*  3r  3L*  3r 


3L* 


-K* 


-3k* 

r 


3t;  3r 

. (plC  _ + (p^  _ 

3K’>  3r  3l*  3r 


- K*. 


(4) 


From  the  first-order  conditions. 


24 


Therefore , 


plSi 


r 


9Q- 

9L* 


0 and 

0. 


9r 


= -K*, 


(5) 


which  is  negative  since  K*  > 0.  This  indicates  that  tt*  is  a decreas- 
. ^ , — 9^7T’'* 

ing  tunctxon  of  r.  An  examination  of  will  show  that  tt*  is 

9r 

not  only  a decreasing  function  of  r,  but  also  a convex  function. 

This  will  lead  to  the  result  that  the  risk-neutral  firm  prefers 
uncertainty  to  certainty. 

Differentiating  (5)  again  with  respect  to  r, 


9^7T-^ 

9r^ 


9K* 

9^ 


(6) 


Differentiating  (4)  again  with  respect  to  r, 


.2  . 

9 TT* 

9r 


P|^(Q* 

9r 


KK 

9r 


+ Q*  9^^* 


KL 

9r 


KL  “ 


9K*  9r 


«‘kl  f - 


9K*  9r 
9L*  9K*, 


-)1 


9K*  9r 


Then,  equating  (6)  and  (7)  and  solving  for  — - 

3r 


3K* 

3r 


P(Q*  +2Q*  ^ 
^ KK  KL 


3L* 

9K* 


+ QA 


LL  9K* 


Sine,  < 0,  < q,  > 0,  and  ||i  < 0.  -^  < 0. 

dr 

But,  from  (6)  we  know  that 

3^71*  _ -3RA 
2 

3 r 3r 

Thus,  TT*  is  a convex  function  of  r.  With  r fixed  at  the  expected 

value,  the  relationship  between  Tf*  and  r is  nonlinear.  This  results 
from  the  characteristics  of  the  production  function. 


Figure  2 
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Holding  the  expected  value  of  r constant.  Figure  2 indicates  that 
E[it*]  increases  as  the  variability  of  f(r)  Increases.  Thus,  the 
expected  value  maximizer,  the  risk-neutral  firm,  prefers  the  increase 
in  variability,  that  is,  uncertainty  is  preferred  to  certainty.  This 
result  is  similar  to  that  of  Oi  (1961)  and  also  has  been  observed 
by  Rothenberg  and  Smith  (1971). 

To  extend  this  analysis  to  include  the  risk-averse  firm  and 
the  risk-taking  firm,  assume  the  firm  wishes  to  maximize  utility. 

Once  again,  it  will  be  assumed  that  w and  r are  fixed  as  in  the 
previous  case.  Then,  the  problem  becomes. 

Max  U = U (tt  ) . 

K,L 

The  first-order  conditions  are 


3k-  ■ " 

^ = U’(tt)(PQ^  - w)  = 0. 


Solving  implicitly  for  K*  and  L*,  the  optimizing  values 

K*  = K*(u,  P,  L,  r) 

L*  = L*(LI,  P,  K,  w). 

Let  Ti*  be  profit  evaluated  at  K*  and  L*  and  let  U*  be  utility 
associated  with  that  value  of  profit.  Then, 
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U*  = U(Tr*)  , or 

U*  = U(PQ(K*,  L*)  - rK*  - wL*) . 

It  can  be  seen  that  the  response  of  U*  to  an  Increase  in  r is 
negative  since 


nil  = 9IL 

9r  9n*  9r 

= -U'  (tt*)K*  < 0. 


This  is  true  for  all  utility  functions.  The  second  derivative,  how- 
ever, is  not  uniquely  defined. 


2 

9 U* 

-9 

9r‘- 


9r 


9r 


= U"(tt*)(K*)‘ 


P[Q*  + 20  + 0*  (— )^1 

‘ ^ KK  ^KL9K*  ^ LL^K*-^  ^ 


The  results  for  the  various  utility  functions  are  summarized  as 


follows : 
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Risk  Preference 

2 

9 U* 

9r 

Risk-taker 

> 0 

> 0 

Risk-neutral 

= 0 

> 0 

Risk-averse 

< 0 

CM 

O 

V 

o 

A 

Thus,  U*  is  a convex  function  of  r for  the  risk-taking  and  risk- 
neutral  firms.  It  may  be  convex  for  the  risk-averse  firm  depending 


on  the  magnitude  of 


-U"(TT>'0 
U'  (Tf  *)  ’ 


which  is  the  Pratt-Arrow  measure  of 


absolute  risk  aversion.  So,  as  in  the  previous  analysis,  the  risk- 
neutral  firm  prefers  uncertainty  to  certainty.  The  same  is  true  for 
the  risk-taking  firm.  The  surprising  result  is  the  fact  that  there 
may  be  circumstances  under  which  the  risk-averse  firm  may  prefer 
uncertainty.  Not  only  is  the  utility  function  a factor  here,  but  the 
price  of  the  product  and  the  characteristics  of  the  production  function 
may  also  Influence  the  attitude  of  the  firm  toward  the  uncertainty. 


Comparative  Statics — The  Uncertainty  Case 
Further  contrasts  and  similarities  between  the  traditional 
model  and  the  uncertainty  model  may  be  ascertained  by  an  analysis  of 


U'(tt*)  (<) 


1 

pro*  + 2Q*  + 0* 

^ ^ KK  ^ KL3K*  ^ 


(1^5)^] 


LI/9K 


< 

9r^  (>) 


then 


0. 
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the  comparative  statics  of  the  model.  Assume  a shift  (0)  in  the  mean 
of  the  distribution  of  r such  that  the  variance  remains  unchanged. 

The  new  objective  function  becomes 

Max  Z = E[U(PQ(K,L)  - (r  +0)K  - wL)  ] . 

K,L 

where  0 is  the  shift  parameter. 

The  first-order  conditions  become 

f)  7 

^ = E[U’(7T)(PQ^  - (?  + 0))] 

= 0.  (8) 

9 Z 

= E[U’(ii)(PQ^  - w)l  =0.  (9) 

Equation  (9)  requires  that 

w . PQj_, 

since 


E[U'(7t)(PQj_^  - w)]  = E[U'(tt)].[PQj^  - w] 

and  E[U'  (it)  ] > 0. 

Determination  of  the  optimal  response  to  a shift  in  the  mean 
requires  total  differentiation  of  (8)  and  (9)  with  respect  to  0 and 
evaluating  at  0=0.  This  yields 
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n 9K  , Ol 
®190  ^290  ^1  “ 


and 


“it  * - ■'2  ■ 0 


where 


= E[U"(7t)(PQ  - w)(K)J 


and 


= E[U'(^)  + U"(tt)(PQ  - ?)(K)] 


Solving  for  and  gives 


9K  ^2^2  ^1^1 

90  D 


9L  - ^^2 


90  D 

Af , and  D have  been  defined  in  the  previous  section  and 

A^  < 0,  < 0,  D > 0, 


>0,  and  F^  = 0. 


It  remains  to  determine  the  sign  of  F^ . To  do  this,  make  use  of  the 


Pratt-Arrow  measure  of  absolute  risk  aversion.  For  the  moment,  assume 
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the  firm  is  a risk  averter  and  displays  decreasing  absolute  risk 
aversion.  That  is, 


U'(TT)  > 0,  U"(Tr)  < 0,  R fTT)  = > 0 

A U (tt) 

and  < 0.  Let 

'r  = PQ^ 

and  denote  the  profit  at  this  level  of  r as  tt.  tt  is  nonstochastic. 
Then, 

^ R^(tt)  for  r > 

and 


R^(tt)  < R^(tt)  for  r < 
or 


-U"(tt) 

U’(tt) 

-U"(tt) 

U'(tt) 


< R.(^) 

A 


? > PQ^ 
? < PQk- 


(10) 

(11) 


We  know  that  -U'(tt)(PQ  - r)  > 0 for  r > PQ„  and  -U'(tt) 

K — K 

(PQj^  - r)  < 0 for  B < PQ^.  Multiply  (10)  and  (11)  by  -U(tt)(PQj^  - f) 


obtaining 
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U"(tt)(PQj^  - > -R^(^)  [U' (7T)  (PQ^  - ?)]  (12) 

for  all  r.  Taking  the  expected  value  of  each  side 

E[U"(tt)(PQ^  - ?)]  > -R^(tt)-E[U'(tt)  (PQ^  - r)]. 

From  (1),  the  right-hand  side  equals  zero.  Therefore, 

E[U"(tt)  (PQj^  - r)]  > 0 for  all  ?. 

This  proof  indicates  that  ^ 0.  Consequently, 

f<» 

and 


0. 


Since , 


9Q  _ ^ 

90  9l  90  9k  90 


it  follows  that  < 0.  Tliat  is,  given  an  increase  in  the  mean  of  the 

distribution  of  the  cost  of  capital,  the  optimal  response  is  to 
decrease  the  use  of  capital  and  labor  resulting  in  decreased  output. 
This  response  is  comparable  to  the  certainty  case. 

Using  a similar  approach,  one  can  determine  the  effect  that 
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an  increase  in  the  variance  of  the  distribution  f(f)  will  have  on  the 
optimal  allocation  of  capital  and  labor.  Assume  a mean  preserving 
increase  in  risk.  Rothschild  and  Stiglltz  (1970)  have  shown  that  this 
necessarily  implies  increased  variance.  That  is,  the  variance  of  the 
distribution  increases,  hut  the  mean  remains  the  same.  In  essence, 
one  is  analyzing  the  optimal  response  to  an  increase  in  uncertainty 
about  the  cost  of  capital. 

Let 


r*  = yt  + 0 

where  y>l  and  0 compensates  for  the  effect  of  y on  E[r].  Also 


and 

E[?]  = p. 

The  objective  function  is  now  formulated  as: 


Max  Z = E[U(PQ(K,L)  - (yr  + 0)K  - wL) ] 
K,L 

c)  7 

= E[U’(tt)(PQ|^  - (y?  + 0))1  =0 

^ 7 

= E[U'  (IT)(PQ^  - w)]  = 0. 


Totally  differentiating  with  respect  to  y and  evaluating  at 
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Y = 1 


and 


9 = 0, 


it  can  be  shown  that 


and 


Si 

I9y 


= H 


2 


9K 


+ A 


9L 


= H, 


I9y  29y  1 


where 

= E[U"(tt)(PQ^  - w)  (f  - y)(K)]  = 0 


and 


= E[U"(tt)(PQ^  - ?)(f  - y)(K) 
+ U'(TT)(f  - y)]. 


Furthermore,  it  follows  that 


9I< 


''2>'2  - Vl 


D 


and 
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!!:.  Ytl_V2 

dy  D 


It  can  readily  be  seen  that  the  signs  of  and  depend  on  the  sign 

of  To  determine  the  sign  of  , one  must  determine  the  signs 

of  E[U'(TT)(r  - y)]  and  E[U"(Tr)(PQ^  - r)  (r  - y)(K)]. 

K 

The  first-order  condition  (1)  can  be  rewritten  as 


E[U'(tt)PQj^]  = E[U'(tt)?] 


(13) 


Subtract  E[U'(TT)(y)]  from  each  side  of  (13) 


E[U’(7r)(PQ^  - y)]  = E[U'(7t)(?  - y) 


It  is  known  that 


E[U'(7T)] 


a consequence  of  (13).  For  the  risk-aver ter , the  covariance  term  is 
positive;  therefore. 


PQj,  - E[f]  > 0 


E[U'(tt)(PQ^  - y)]  > 0. 


and 
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Thus,  E[U'(^)(r  - p)]  Is  also  greater  than  zero. 

Now,  rewrite  E[U"(tt)(PQ  - J)  (r  - u)(K)]  as  -KE[U"(tt) 

K. 

(PQj^  - ?)(y  - ^)].  Add  ing  and  subtracting  PQ|t<  one  obtains 
-K-E[U"(tt)(PQj^  - ?) 

[(y  - PQj^)  + (PQj^  - ?)]]  = -K-E[U"(ti)(PQj^  -?)((j  - PQ^) 

+ U"(^)(PQ^- 

= -K-E[U"(TT)  .(PQ  - ?)0j  -PQ  ) 

^ K 

+ E[U"(TT)  (PQj^-  ?)^]  . (14) 

It  has  already  been  shown  that  E[U"('fT)(PQ  - r)]  > o and  (p  -PQ„)  < 0. 

K K 

And,  since  the  second  part  of  the  expression  is  clearly  negative,  the 
entire  expression  is  positive. 

It  follows,  then,  that, 

and 


So,  as  in  the  case  of  an  increase  in  mean,  an  increase  in  the  variance 
of  the  cost  of  capital  also  leads  to  decreased  utilization  of  both 
capital  and  labor  and,  consequently,  decreased  output. 

Finally,  as  one  might  expect,  the  optimal  response  to  an 
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increase  in  w,  the  contracted  wage  rate,  is  to  decrease  input  usage. 
Totally  differentiating  the  first-order  conditions  with  respect  to  w 

and  solving  for  ^ and  ^ yields 
3w  9w 


B C 

19w  ^19w  ^1 


= L.E[U"(Tr)  (PQj^  - w)]  + E[U'(ti)] 


R ik  + A ^ = r 
®19w  ^29w  ^2 


L*E[U"(tt)  (PQj^  - ?)] 


All  the  signs  needed  have  already  been  determined.  Thus,  it  can  be 
shown  that 


9w 


< 0, 


3L 

9w 


< 0, 


and 


0. 


Summary 

The  analysis  presented  here  indicates  that  there  are  signifi- 
cant differences  between  the  optimal  allocation  strategies  for  the 
firm  under  conditions  of  certainty  and  for  the  entrepreneur  facing 
uncertainty.  The  first  difference  observed  was  that  with  respect  to 
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the  expansion  path  and  the  marginal  rate  of  technical  substitution. 

The  firm  with  random  input  prices  may  not  operate  at  its  most  efficient 
position  and  will  be  influenced  by  its  degree  of  risk  aversion.  It  was 
also  shown  that  for  the  risk-taker,  the  risk-neutral  firm,  and  for  some 
risk-averse  firms,  profit  is  a convex  function  of  the  random  input 
price.  This  implies  that  these  producers  prefer  uncertainty.  Thus, 
even  though  the  firm  may  operate  at  less  than  full  efficiency,  it  will 
still  be  in  a position  superior  to  the  world  of  certainty. 

Finally,  the  comparative  statics  were  determined  and  found 
to  be  similar  to  the  certainty  case.  The  crucial  assumption  being 
that  of  decreasing  absolute  risk  aversion.  These  firms  react  to 
changes  in  the  distribution  of  the  random  input  price  as  the  firm  under 
certainty  would  react  to  a change  in  the  price. 


CHAPTER  IV 

LABOR  NEGOTIATIONS  UNDER  COST  UNCERTAINTY 
Introduction 

The  purpose  of  this  chapter  is  to  examine  labor  contract 
negotiations  under  the  influence  of  uncertainty.  The  criteria  for  the 
existence  of  such  contracts  and  the  implications  thereof  are  presented. 
Also,  possible  explanations  for  disagreement  and/or  strikes  are  pro- 
posed. The  effects  of  an  increase  in  variance,  hence,  an  increase  in 
uncertainty,  are  analyzed. 

Labor  Contract  Model 

The  previous  discussion  has  been  based  on  the  assumption  that 
one  factor  price  is  random  while  the  other  is  fixed.  A possible 
explanation  for  the  fixed  wage  rate  is  that  a contract  exists  between 
the  firm  and  labor.  While  in  the  long  run  the  cost  of  labor  is 
changing,  the  existence  of  the  contract  eliminates  the  uncertainty,  at 
least  in  the  short  run. 

Assume  that  both  the  cost  of  capital  and  the  wage  rate  are 
random  and  symmetrically  distributed.  The  problem  of  the  firm  may  be 
formulated  as 

Max  Z = E[U(P*Q(K,L)  - f • K - w-L)]  . 

K,L 


The  first-order  conditions  are 
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II  = E[U'(7T)(P-Qj^  _ ?)]  = 0 (15) 

II  = E[U’(TT)(P-Qj^  - w)]  =0.  (16) 

From  (15)  and  (16) , the  optimal  allocation  of  capital  and  labor  must 
satisfy 

E[U'(7r)]-E[r]  + cov(U’(tt),  ?)  Q„ 

= -Jt  Q7) 

E[U' (tt)  ] *E[w]  + cov(U'(tt),  w) 

Assume  the  suppliers  of  the  factor  inputs  have  the  same 
knowledge  and  expectations  as  the  firm  and  are  aware  of  the  input 
decision  of  the  firm.  Further,  assume  one  of  them  is  willing  to  con- 
tract its  supply  of  labor  to  the  firm,  l^hat  wage  rate  will  the  firm 
be  willing  to  pay? 

Substitute  w* , a fixed  wage  rate,  for  w in  the  objective 
function  and  obtain  (3) . 

Q,,  E[U'(Ti)].E[r]  + cov(U'(TT),  r) 

K _ 

E[U'(-^)]w* 

Assuming  the  same  amount  of  labor  is  offered  as  the  firm  had  originally 
Intended  to  use,  when  its  wage  rate  was  random,  enables  one  to  equate 
(3)  and  (17).  Assuming  no  decrease  in  labor  utilization. 
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E[U' (tt)  ] »E[r]  + cov(U’(Tr),  r)  ^ E [U ' (tt)  ] » E[r  ] + cov(U'(Tr),  g) 
E[U' (tt)  ] ’Elw]  +cov(U'(it),  w)  E[U'(tt)]'w* 


(18) 


It  follows  from  (18)  that 


w 


* - FFt'',!  - cov(U'  (tt)  . w) 

‘ ^ E[U'(tt)]  • 


(19) 


'j 

For  the  risk-averse  firm,  cov(U'(tt),  w)  is  positive  and,  therefore. 


w*  - E[w]  > 0, 


This  indicates  that  the  firm  would  be  willing  to  pay,  for  the  same 
amount  of  labor,  a wage  rate  higher  than  the  expected  value  to 
eliminate  uncertainty. 

For  the  risk-taking  firm,  cov(U’('rT),  w)  is  negative,  hence, 
w*  - E[w]  < 0. 


This  is,  the  firm  is  willing  to  pay  less  than  the  expected  value 
because  it  prefers  uncertainty.  In  the  risk-neutral  case, 
cov(U'(tt),  w)  equals  zero  and  w*  equals  E[w]. 

The  rate  w*,  however,  is  not  necessarily  the  wage  rate  that 
would  be  agreed  upon  in  the  labor  contract.  To  find  an  acceptable 


The  sign  of  the  covariance  is  found  by  evaluating  the 

9w  _ , 9U'(ti)  s 9ft  „ _ 

9w  ■ “ 3w  ~ ^ 

cov(U'  (tt)  , w)  >0. 


derivatives  and  , 

9w  3w 
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rate,  one  must  consider  the  risk  characteristics  of  the  labor  supply. 
Let  one  develop  a simple  model  in  which  the  utility  of  labor  (V)  is 
a function  only  of  the  wage  rate.  One  needs  to  solve  for  w^,  the 

lowest  wage  acceptable  to  the  union.  That  is,  find  w^  such  that 

E[V(w)  ] = V(w^.)  . 

Since  V is  continuous  and  monotone  increasing,  V ^ exists,  and 

v"^{EfV(w)]}  = v“^V(w^) 

7f 

or 


w 


* 


c 


where 


(20) 


c = V \e[V(w)]}. 

For  the  moment,  consider  the  case  where  labor  is  risk  averse 
(V”  < 0).  Then,  by  Jensen's  Inequality, 

E[V(w)]  < V(E[w]), 


so  that 


V ^{E[V(w)]}  < V ^{V[E(w)]l. 

Finally,  noticing  that  the  left  side  of  this  expression  is  c. 
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c < E[w].  (21) 

Combining  (20)  and  (21), 

< E[w] . 

Therefore,  risk-averse  labor  would  be  willing  to  accept  a 
wage  less  than  the  expected  wage  to  avoid  uncertainty.  Although  the 
magnitudes  of  w*  and  w^,  cannot  be  directly  calculated,  it  can  be  seen 

that  a range  of  acceptable  rates  exists.  Refer  to  Figure  3. 


J! , "1 

E[w]  w* 


Figure  3 

The  actual  wage  agreed  upon  would  depend  on  the  bargaining  powers  of 
the  respective  parties  to  the  contract. 

Similar  analysis  shows  that  if  one  party  is  risk  averse  and 
the  other  risk  neutral,  mutually  advantageous  contract  terms  exist. 

If  one  party  is  risk  neutral  and  the  other  a risk  taker  or  if  both  are 
risk  takers,  then  there  will  be  no  contract  wage  rate  acceptable  to 
both . 

The  case  in  which  one  party  is  risk  averse  and  the  other  is  a 
risk  taker  may  or  may  not  lead  to  a range  of  rates  acceptable  to  both 
groups,  depending  upon  the  degree  of  risk  aversion  on  the  one  side  and 
risk  preference  on  the  other.  Figure  4 represents  one  situation  in 
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which  an  acceptable  contract  wage  does  exist. 

^ C-T] 

E[w]  w^  w* 

Figure  4 

The  assumption  of  risk  aversion  on  the  part  of  both  bargaining 
parties  may  not  be  sufficient  to  ensure  a mutually  acceptable  range  if 
one  relaxes  the  assumption  of  identical  knowledge  and  expectations. 
Consider  the  case  where  the  bargaining  parties  view  different  proba- 
bility density  functions.  Specifically,  they  assess  different  means. 
The  situation  may  then  occur  where  no  acceptable  wage  appears  to 
exist  (see  Figure  5) . 

n c ^ 

Elwpj  w*  w^  E[w  ] 

Li 

Figure  5 

E[Wp]  and  E[w^]  are  defined  as  the  expected  wage  viewed  by  the  firm 

and  labor,  respectively.  But,  differing  assessments  do  not  preclude 
the  existence  of  an  acceptable  contract  range  (see  Figure  6) . 

- r n 

E[Wp]  w^  w*  E[w  ] 

Li 

Figure  6 


Another  situation  may  arise  as  a result  of  one  party's 
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incorrect  perceptions  of  the  other's  utility  function.  In  this  case 
an  acceptable  range  actually  exists,  but  the  magnitude  of  the  range  is 
erroneously  assessed.  Looking  at  this  situation  from  the  point  of 
view  of  labor,  they  may  offer  a wage  higher  than  the  highest  accept- 
able wage  of  the  firm,  but  actually  believe  that  it  is  within  the 
range  of  acceptable  wages.  Refer  to  Figure  7. 


Figure  7 


The  perceived  rate,  w*,  is  higher  than  the  actual,  w*. 


Consequently, 


labor  may  make  an  offer  unacceptable  to  the  firm. 

In  both  of  these  situations,  however,  one  can  expect  a con- 
tract to  be  reached.  The  bargaining  process  and  the  information 
process,  which  are  not  mutually  exclusive  events,  should  help  to 
alleviate  these  discrepancies. 


Increased  Risk  and  Contracts 

The  most  interesting  cases  are  the  responses  to  increased 
variance.  That  is,  how  do  the  union  and  firm  react  to  changes  in  the 
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variance  of  the  distribution  of  wages,  and  what  are  the  implications 
if  the  bargaining  parties  assess  different  variances?  This  situation 
has  Implications  with  regard  to  labor  contracts  consisting  of  a cost- 
of-living  increase  plus  a merit  Increase.  This  contract  may  have  the 
same  expected  wage  rate  as  a fixed  wage  contract  but  is  more  accurately 
described  as  a risk  situation  in  which  the  merit  clause  represents 
variability  to  the  laborer.  It  will  be  shown  that  even  a risk  averter 
may  prefer  this  situation  depending  on  how  he  perceives  his  bargaining 
position. 

Examining  first  the  labor  side,  from  a Taylor  series  expansion 
of  V(w)  about  wj 


Assuming  that  (()  is  negligible  and  taking  expectations  of  each  side. 


V(w)  = V (w)  4-  (w  - w)V'(w) 


+ (w  - w) 


+ (w  - 


where 


<t>  = higher-order  terms. 


E[V(w) ] = V(E[wl)  + E[ (w  - 


or 
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E[V(w)]  = V(E[w])  + a ^ . (22) 

w 2 

Since  V"(w)  is  negative  for  the  risk  averter,  it  is  easily  seen  that 
2 

as  a increases,  E[V(w)]  decreases, 
w 


9E[V(w)]  ^ V"(w) 

2 ^ u . 

Saw  2 

Recalling  that  w^,  the  lowest  wage  acceptable  to  the  union,  is  equaJ 
to  V (E[V(w)])  and  that  V(w)  is  monotonically  nondecreasing,  w^ 

decreases  as  increases.  The  proof  follows  from  a well-known 

theorem  in  calculus  (Apostol,  1964). 

Theorem.  Assume  f is  strictly  increasing  and  continuous  on 
an  interval  [a,  b].  Let 


c = f(a) 


and 


d = f(b) 

and  let  g be  the  function  obtained  from  f by  inversion.  That  is, 
for  each  y in  [c,  d],  let  g(y)  be  that  x in  [a,  h]  such  that 
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y = f (x) . 


Then , 

1.  g is  strictly  increasing  on  [c,  d],  and 

2.  g is  continuous  on  [c,  d]. 

Simply  stated,  it  V is  an  increasing  and  continuous  function,  then 
,-l  . 

V IS  an  increasing  and  continuous  function.  Therefore,  if  E[V(w)] 

is  decreasing  as  increases,  V (E[V(w)])  or  is  also  decreasing. 

That  is,  the  lowest  acceptable  wage  for  the  union  is  even  lower  when 
the  varistnce  of  the  distribution  of  wages  Increases. 

On  the  other  side  of  the  coin,  the  po'sition  of  the  firm,  w*, 
is  also  affected  by  the  increase  in  variance.  Although  the  result  is 
intuitively  obvious,  the  mathematical  proof  is  quite  complex.  Recall 
that 


w*  - E[w] 


cov(U’(n),  w) 
E[U'(tt)] 


(23) 


Since  an  increase  in  O necessarily  implies  an  Increase  in  O 

w „ ’ 

9w*  . , , . ... 

9o  derived  and  evaluated  as  to  its  sign.  Working  with  the 

w 

denominator  of  (23)  first,  a Taylor  series  expansion  of  U' (tt)  about 
TT  and  taking  expectations  of  each  side  yields 
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2 U" ' (tt) 

E[U’(tt)]  = U'(TT)  + + (|). 

It  will  be  assumed  that  <])  is  negligible.  Since, 

TT  = P*Q  - r’K  - w*L, 


2 

0 

IT 


assuming  and  are  independent  and  holding  0^  constant.  So, 

2 2 U"  ' (tt) 

E[U'(tt)]  = U'(tt)  + L O ^ 

W L 

From  Pratt  (1964),  the  assumption  of  decreasing  absolute  risk  aversion 

implies  U ' (7t)U (tt)  ^ (U"(tt))^,  which  in  turn  requires  U"'(tt)  to  be 

2 

positive.  Therefore,  EIU'(tt)]  is  an  increasing  function  of  . 

The  numerator  can  be  expressed  as 

cov(U'  (it)  , w)  = pa,,,  , .0  , 

U (it)  w 

where  p is  positive  for  the  risk  averter  since  it  has  already  been 
shown  that  the  covariance  is  positive  for  the  case  of  risk  aversion. 

To  evaluate  the  effects  of  a change  in  o,,,  / \ from  a change  in  a , 

O,,,.  , must  be  expressed  in  terms  of  o • From  the  definition  of 
U (tt)  w 


variance , 
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The  Taylor  series  expansion  of  U' (tt)  about  tt  yields 


U'  (71) 

- U'  (TI)  + (it  - TT)U"(71) 

+ (77  - U'"(7T)  (24) 

2 

ignoring  higher  order  derivatives. 

Then , 

E[U'  (tt)  ] 

= uTo  + 0 ' 

71  2 

and 


E[U'(7T)]^ 

, 2 U"V(tt),2 

- [o'  (tt)  + • 2 ' ■ 

Squaring  (24)  and  taking  the  expected  value  of  the  result, 


E[(U'(tt))^] 

= [u'(77)]^ 

+ a^^(U"(^f))^  + 2U'(h)  — 
4-  3a 

71  IT  ' 2 

(See  Appendix  A for  proof) 


o 

CO 

2 

(it) 

2 
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and 


U’(tt) 


= a f(u"0r))^  + 


2 U" 
2o  (— 

TT 


(TT)^2^1/2 


Thus , 


.2 


cov(U'(tt),  w)  = pa^[(U"(TT))  + 20^  ( 


2,U"'  (ti),2,1/2 


)■ 


w 


(25) 


Substituting 


L^a 


w 


2 

a 

IT 


and 


La  = O 

W TT 


in  (25)  and  combining  (22),  (23),  and  (25),  one  obtains 


w*  - E[w]  = 


PLO  ^[(U"(TT))2  + 2L^a  2(U::^00)2j1/2 

w w 2 

„.(i,  + A 2 jri(Si 

w I 


(26) 


Differentiating  with  respect  to  O^, 


it  can  be  shown  that 


* 

9w 

30W 


{(o-g)(L^o\"(r) 


2 U'"  (TT) 

2 ’ 
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where 


. (o^.p„2LVii:^,3 

+ (Cf^  + 2p)(Lcru' (TT)U"(TT)^) 

.(c4£.3p)(2lV(^)2; 
^ {[(U"(^f))^  + 2L^0^(^"’^: 
• [U'(K)  + lV 


a - a 

w. 


For  p > 0,  the  following  summarizes  the  sign  of 


9w* 

9aw‘ 


X 


3P  < _3£U 
oOw  ow 

3”:<» 

0 > > -3^- 

9o'w  aw 

9w*  > 
9ow  < ° 

^ > 0 
9aw  — 

3w*  ^ g 
daw  — 

See  Appendix  B for  proof. 

For  the  linear  and  quadratic  utility  functions 


U'  (tt)  } 
2^1/2 


9aw 


0 
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thus  is  positive.  This  means  that  as  the  variance  of  the  dis- 
tribution of  wages  increases,  tlie  maximum  wage  acceptable  to  the  firm 
increases.  Since  w.^  is  simultaneously  decreasing  for  the  labor  union. 


a wider  bargaining  range  is  defined. 

This  result  may  have  several  implications.  First,  the  wider 
range  of  mutually  acceptable  wages  may  ease  the  bargaining  process. 
It  would  be  less  likely  that  the  bargaining  parties  would  make  an 
unacceptable  offer.  Second,  if  one  of  the  bargaining  parties  is 
significantly  more  powerful  than  the  other  and  is  in  a better 
bargaining  position,  that  party  is  likely  to  demand  and  contract  for 
a wage  near  or  at  the  limit  of  the  acceptable  range.  If  that  range 
is  extended  via  an  increase  in  variance,  the  more  powerful  party  has 
the  opportunity  to  better  its  position.  Take,  for  example,  the 
employee  that  is  very  accomplished  in  his  work.  This  puts  him  in  a 
better  bargaining  position  than  the  average  or  below-average  worker. 
He  would  enjoy  an  Increase  in  variance  as  that  affords  him  the 
opportunity  to  bargain  for  higher  and  higher  wages.  He  would  prefer 
a contract  with  a merit  clause  as  that,  in  effect,  increases  the 
variance  of  the  wage  distribution.  If  the  firm  is  the  powerful 
participant,  then  it  would  prefer  the  increased  variance  as  the 
opportunity  for  lower  wage  contracts  increases.  For  other  utility 

functions,  the  sign  of  is  indeterminate.  It  depends  upon  E[tt] 


among  other  things.  Also,  the  level  of  L,  labor  usage,  has  an  impact 


on 


9ow’ 
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Fixed  Cost  of  Capital 

Assume  now  that  the  cost  of  capital  is  fixed  at  r.  That  is, 
the  uncertainty  is  confined  to  one  area  of  the  firm,  the  cost  of 
labor.  How  would  this  affect  the  maximum  vage  that  the  firm  would  be 
willing  to  pay  for  its  labor?  The  procedure  to  analyze  this  is 
similar  to  previous  examples. 

The  first-order  conditions  for  r fixed  and  w random  can  be 
found  by  appropriately  modifying  (4),  resulting  in 


Qj  E[U' (tt)  ] ‘Elw]  + cov(U'(tt),  w) 


(27) 


With  r and  w-  fixed,  the  condition  becomes 


(28) 


Equating  (27)  and  (28) , one  solves  for  w_  , the  maximum  contract  wage 

given  a fixed  cost  of  capital  and  assuming  the  firm  wishes  to  remain 
on  its  original  expansion  path: 


w-  = E[U' (tt)  ] *E[w]  + cov(U'(tt),  w)  . 

(29) 
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From  (14) , one  knows  the  maximum  contract  wage  given  random  cost  of 
capital  as 


* = EjU’ (^)  ] 'E[w]  + cov(U’(tt),  w) 
E[U'(tt)] 


Comparing  w_  and  w* 
r 


w 


* = 


E[U’(Tr)]- 


(30) 


If  E[U'(tt)]  > 1,  this  indicates  that  w_  > w*.  Conversely,  if 

r 

E[U  (tt)]  < 1,  then  w_  < w*.  Thus,  one  cannot  uniquely  specify  the 

r 

relationship.  However,  given  no  change  in  the  utility  function  of 
the  firm,  the  behavior  of  the  risk  evader  may  change  as  profits 
increase.  That  is,  the  expected  slope  decreases  as  profits  increase 

* 

and,  consequently,  the  relationship  between  w-'  and  w_  also  changes. 

\'fhen  the  expected  slope  is  greater  than  1,  the  attitude  of  the  firm 

toward  uncertainty  is  emphasized  in  the  form  of  w_  being  larger  than 

w*.  As  profits  Increase  and  E[U'(it)]  becomes  less  than  1,  the  reverse 
is  true.  The  maximum  contract  wage  of  the  firm  will  be  less  than  the 
case  with  uncertain  cost  of  capital. 

Summary 


It  has  been  sho^TO  that  the  introduction  of  uncertainty  and  the 
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assumption  of  expected  utility  maximization  has  a significant  effect 
on  the  positions  the  firm  and  labor  may  take  during  wage  negotiations 
The  ability  to  accurately  assess  the  probability  distribution  of  the 
wage  rate  and  the  utility  function  of  the  opposing  party  is  essential 
for  a bargaining  range  to  be  defined.  Absence  of  this  range  may  lead 
to  a strike  and/or  forced  arbitration.  The  actual  outcome  of  the 
negotiations  is  dependent  on  the  bargaining  powers  and  behaviors  of 
the  individual  parties.  The  more  powerful  bargainer  actually  enjoys 
the  uncertainty  that  exists  as  it  increases  the  range  of  acceptable 
wages  and  that  party  can  then  take  advantage  of  the  risk  aversion  of 


its  opponent. 


CHAPTER  V 

THE  DUOPOLIST  UNDER  COST  UNCERTAINTY 
Introduction 

The  first  oligopoly  model  was  developed  by  Augustin  Cournot 
in  1838.  Cournot’s  argument  concerned  the  behavior  of  two  firms  in  a 
duopolistic  world.  Each  produced  an  identical  product.  The  price  of 
the  product  was  determined  by  the  combined  output  of  both  duopolists. 
The  basic  behavioral  characteristics  which  Cournot  ascribed  to  the 
competitors  were  that  each  duopolist  acted  as  profit  maximizers  under 
the  assumption  that  the  quantity  produced  by  his  rival  was  invariant 
with  respect  to  his  own  production  level.  The  results  of  this 
behavior  lead  the  duopolists  to  a stable  equilibrium  output  at  which 
there  is  no  incentive  to  further  change  their  production  level.  This 
output  is 


Q,-  = 


MC  - P 
3P 
3Qi 


i = 1,2 


where  MC  is  the  marginal  cost.  Furthermore,  Cournot  showed  that  as 
the  number  of  firms  approaches  infinity,  the  behavior  of  the  firms 
approaches  that  of  a purely  competitive  industry. 

This  chapter  extends  the  analysis  of  Cournot  to  examine  the 
expected  utility  maximizer  under  conditions  of  cost  uncertainty. 
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The  model  presented  assumes  a duopolistic  industry  where  the  firms  are 
naive  quantity  setters.  Initially,  the  firms  are  assumed  to  have  the 
same  utility  functions  and  the  same  expectations  with  regard  to  the 
distribution  function  of  cost.  These  assumptions,  however,  are 
relaxed  later. 


Cournot  Model  under  Cost  Uncertainty 
Define  profit  as 

TT^  = P-Q^  - 

where 

P = f(Q) 

is  a negatively  sloped  demand  function, 

Q = Qj  + Q2 

and  c is  a random  cost  (nonnegative).  Then,  the  naive  firm  1,  which 
believes  firm  2 will  maintain  its  present  output  faces  the  problem: 

Max  E[U^(tt^)]  = E[U^(P'Q^  - 


At  the  maximum, 
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3e[U^(tt^)] 

3'Q, 


- c)] 


= 0 


(31) 


and , 


9 E[U^(tt^)] 

9q; 


,Dp 


+ E[u;(TT  )(-^-^-Q  + 2^-)] 

3Qf  9Qi 


which  must  be  negative.  For  the  risk-neutral  firm  or  the  risk- 
averse  firm. 


a^P 


< 0 


3Q 


1 


ensures  optimality.  The  risk  taker  will  not  be  considered  in  this 
chapter . 

Return  to  (31),  solving  for  Q 


^1  = 


E[U|(tt^),  S]  - E[Uj(TT^)]-P 


E[U’(7T,)] 


ap 


1'  '3Q 


1 
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E[U|(tt^)]  E[Z]  + cov(Uj(7T^),  c) 


E[U|(tt^)]  P 


% = 


E[c]  - P cov(U’  (tt  ) , c) 
- + — ^ 


9P 

3Qi 


E[U:  (tt,) 


5^ 


11^  9Qi 


(32) 


Consider  the  case  where  c is  found  at  E[c]  then, 


^ E[c]  - P 
9P  ■ 


9Qi 


This  is  identical  to  the  traditional  Cournot  mode].  Similarly,  if 
the  firm  is  risk  neutral,  U^(tt^)  is  a constant,  and  once  again  the 

result  is  the  same  as  the  certainty  case.  However,  if  the  firm  is 
risk  averse,  then, 


cov(U|(tt^)  , c)  >0, 


E[U|(tt^)]  > 0, 


and  since 


9P_ 


< 0, 


the  optimal  quantity  produced  is  less  than  the  rdsk-neutral  firm  and, 
consequently,  the  output  of  the  industry  is  reduced  if  there  exists 
at  least  one  risk-averse  firm.  This  proposition  will  be  further 
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analyzed  under  various  risk-preference  assumptions. 

Considering  the  duopoly  case,  firm  2 will  produce  Q^, 


Qo  = 


E[c]  - P cov(U'  (TT  ) , c) 

+ ^ • (33) 


3Q„  ^[U^Ctt^)] 


Since  the  firms  face  the  same  demand  function,  f (Q) , where 


3P 

3Q. 


9P 

9Q, 


(32)  and  (33)  may  be  written 


Q.  = 


E[c]  - f(Q)  cov(Ul(TT.),  c) 
+ ^ ^ 


f'(Q) 


E[u  : (7T.)]f'(Q) 


for 


i = 1,2. 


(34) 


Noting  also  that 

Q = + Q2’ 

(34)  describes  as  a function  of  the  output  of  the  rest  of  the 

industry,  in  this  case,  the  other  firm.  This  function  is  the  reaction 
curve.  If  each  firm  produces  according  to  its  reaction  curve,  they 
will  produce  where  the  reaction  curves  intersect.  This  point  is  the 
Cournot  equilibrium  point  and,  if  the  system  is  stable,  there  will  be 
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no  incentive  to  move  away  from  this  point  and,  thus,  the  output  for 
each  firm  and  for  the  industry  will  remain  constant.  The  equilibrium 
will  be  stable  if 


0>  (^-7-) firm  1 > firm  2. 


Linear  Demand  Function 

For  expository  purposes,  assume  a linear  industry  demand 
function  and  risk-neutral  firms. 

P = a + b(Qj  + Q^) 


where  b < 0 


IZ  - 
9q  = 


b. 


Thus , 


the  reaction  curves  for  the  first  two 

E[£]  - 
^1  = 

e[H]  - 


figures  become 

a - b(Q^  + Q^) 
b 

a - b(Q^  + Q^) 
b 


Solving  for  in  terms  of  and  in  terms  of  Q^, 


E[c]  - a - bQ, 


^1  = 


2b 
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or 


E[c]  - a 

2b  2 


and 


Figure  8 shows  the  reaction  curves  and  the  equilibrium  position. 


Figure  8 

Since  and  Q2  ^ 0,  E[c]  - a < 0.  The  equilibrium  is  stable  since 


9Ql 

(^^)firm  1 


= -1/2 


and 


01 
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\ 

(3^) firm  2 = -2. 


Thus , 


■)firm  2. 


Total  output  is  given  by 


Qji  + Q 


2 


2 E[g]  - a 
3'  b 


Suppose,  however,  firm  1 is  risk  averse.  Then, 


E[c]  - a - b(Q  + Q ) 
= b 

cov(U|(tt^),  c) 
E[U’(Trp]  b 


or 


E[c]  - a cov(U|(tt^),  c) 

^ 2b  2bE[U|(TT^)  ] ^ “ Y” 


and 


E[S]  - a 

Yb  “ Y~' 


The  equilibrium  output  of  firm  1 decreases  and  the  output  of  firm  2 


increases  as  long  as 


E[H] 


cov(Uj  (tt^)  , c)  Elc]  - a 
bE[U|(Tr^)]  ^ 2h 


See  Figure  9. 


Total  industry  output  decreases  as 

E[c]  - a cov(U'  (tt  ) , c) 
*^1  ^2  " b 2bE[U|(Ti^)  ] 


If  firm  1 is  risk  averse  to  the  extent  that 
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cov(U|(iT^)  , c)  a - E[c] 

E[U|(n^)]  - ~1 

then  firm  1 will  produce  nothing  and  firm  2 will  produce 

n = ~ a 

^2  2b 

This  system  is  also  stable.  Although  the  slope  of  the  reaction  curve 
of  firm  1 is  not  constant,  it  can  be  shown  that  the  conditions  for 
stability  are  met. 


(■5^) firm  2 = -2. 


For  firm  1, 


{-cov(U^(tt^)  , c)[2tr 


9eu’(7t  ) 

^ T D - 1/2 


3Q 


^2  3EU  ' (tt  ) 

1+  {cov(U|(7rp,  H)[2b — ]}TD^ 


(35) 


where 


D = {2bE[U|(7T^)]}^ 


This  slope  is  negative.  Let 

6EU'(tt  ) 

C = cov(Uj(7T^),  Z)[2h 


then  (35)  may  be  rewritten 
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::C 


1 

2 


1 + 


Since 


- - 1/2  > - 1.  (36) 

D D 


Also , 


- \ - 1 > 2(-  ^ - 1).  (37) 

D D 


Thus,  from  (36)  and  (37) 


- ^ - 1/2  > 2(-  - - 1) 
D D 


or 


- 1/2  > -2(-  + 1), 

D D 


and  finally 


- 1/2 


1 + C/D 


> -2. 
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So , 


0 > 


(3^) firm  1 > (3^) firm  2. 


Thus,  the  Cournot  equilibrium  exists  and  is  stable. 

Finally,  assume  both  firm  1 and  firm  2 are  equally  risk  averse. 

Then , 


E[c]  - a cov(U'(tt  ),  c)  Q 

0 = r 1 = — = 1 - — 

^1  ^ 2b  2bE[Uj(iT^)]  J 2 

and 

E[c]  - a cov(U'(tt  ),  c)  Q 

Q = f 1 = — = 1 _ _ 

^2  ‘ 2h  2bE[U^(7T2)]  ^ 2 • 

These  are  the  reaction  curves.  Total  industry  output 

n + n = 2.E[c]  - a cov(U'(tt),  c)  , 
n ^2  3^  b bE[U'(ir)]  J- 

As  the  second  term  is  negative,  the  amount  produced  by  the  industry 
will  decrease  once  again  from  the  previous  cases.  Each  firm  will 
produce 

1 / q rE[c]  - a cov(U’(tt),  £) 

' ^ b bE[U'(7T)  ] • 

Since  the  utility  functions  were  assumed  to  be  equal,  no  differentia- 
tion need  be  made  between  firm  1 and  firm  2 in  terms  of  U or  tt. 
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Once  again  the  Cournot  equilibrium  can  be  shown  to  be  stable. 


SQl 

^2 


{-cov(U’ (tt)  , c)  ) i - 1/2 


1 + fcov(U  ' (tt)  , c)  [2b 


9eU'  (tt) 

9Q 


]} 


and 


> 0 


1 + - 


9Ql 

(^)firm  2 = 


1 + 

.2 


D 


1' 

2 


Let 


= A,  for  simplicity;  A > 0,  then, 
D 


(A  + 1/2)  9Q, 


(A  + 

1) 

(A  + 

1) 

(A  + 1/2) 

needs  to 

det 

(A  + 1/2)  , 

(T^)firm  1 


3Ql 

(^9;-)  firm  2 
d02 


(A  + 1)  (A  + 1/2) 
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Thus,  since  A > 0, 


Let 


(5)  - 

(A  + ])(A  + 1) 

> 

2 

(=)  - 

[A  + 2A  + 1] 

> 

- 

[2A  + 1] 

- 1/4  > - 1 - A 


3Q,  3Q, 

0 > )firm  1 > (3—-) firm  2, 

9Q2 


General  Demand  Function 


P = f(Q) 


where 


Q1  + Q2 


and 


Op 

3Qi 


< 0, 


3Q. 


< 0. 


Op 

OQ 


< 0. 


Then,  the  optimal  production  for  the  duopolist  firms  can  be  expressed 
as 
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E[c]  = f(Q)  cov(U|(tt^),  c) 

" f'(Q)  ¥[U^(7t.)]  • f’(Q) 

i = 1,2.  (38) 

Since  and  > 0,  the  reaction  curves  for  the  firms  have 

positive  intercepts.  It  can  also  be  shown  that  the  slopes  are 
negative  and  a Cournot  equilibrium  exists  and  Is  stable.  Equation 
(38)  can  be  expressed 

= g(Q)  + h(Q) 

where 

Q = Q,  + Q2 


or 


g(Q)  + h(Q)  - = 0. 


Differentiating  with  respect  to 


g'(Q) 


9Q  3Q 

9^  ^ 9<^ 


9Q  9Q  9Q  9Q  9Q 


= 0. 


3Ql 

Solving  for  yields 

01)2 
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- (g’(Q)  + h'(Q)) 
^ ~ ’(g'  (Q)  + h’  (Q)  -1’ 

Letting 


E[£]  - f(Q) 
f'(Q) 


g(Q) 


and 


cov(U|(tt^),  c) 
E[Uj(7T^)]f'(Q)  = 


then , 


g'(Q) 


..  -f'(Q)  -f’CQ)  - [E[g]  - f(Q)]f"(Q) 


and 


h’(Q) 


9e[U'  (ti  )] 

-cov(U|(^^),  S)  [ f'(Q) +E[U|(Ti^)]f"(Q)] 

[E[U|(7T^)]f’(Q)]^ 


Tlien,  g'(Q)  + h'(Q)  can  be  written, 


g'(Q)  + h’(Q)  = {-f'(Q)^E[U|(TT^)]2 

- [Ec[£]  - f(Q)]f"(Q)E[U|(TT^)]^ 


-cov(U|(Tr^)  , c) 
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3E[U  ' (tt  )] 

[ f(Q)+EfU|(TT^)]f"(Q)]} 

^ [E[Uj(7Tp]f'(Q)]2 

= {-f(Q)^E[Uj(TT^)]2-  {[E[£] 

- f (Q)]E[U^(tt^)]  +cov(U^(^^), 

• f"(Q)  • E[U|(tt^)] 

3E[U'  (TT  )] 

- cov(U|(tt^)  , c) f(Q)} 

xE[U|(TT^)]^f'(Q)^ 


One  knows  the  signs  of  all  terms  except 

{[E[c]  - f(Q)]E[U^(TT^)]  + cov(Uj(TT^),  £)}. 

Return  to  (38) 

E[c]-f(Q)  cov(U|(7T^),  c) 

^1  " f’ (Q)  ^ E[U|(tt^)]  f'(Q) 

- 0, 


Since  f ' (Q)  < 0 , 


E[£]  = f(Q)  + 


cov(U^(tt^)  , 
E[U|(tt^)] 


c) 


< 


0 


and,  thus, 
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[E[c]  - f(Q)]  • E[U^(7T^)] 

+ cov(Uj  (tt^)  , c)  £ 0. 


Therefore,  g'(Q)  + h'(Q)  < 0,  and  since 


9Qj  -(g'(Q)  + h’(Q)) 
^ " g'(Q)  + h'(Q)  -]’ 


( 


3Q2 


)firm  1 < 0. 


Now,  observing  that 

(■3—) firm  2 = (g^)firm  2 

and  that 

(■3^)firm  2 = (7—) firm  1 

it  can  be  seen  that 


\ _ -(g'(Q)  + h’(Q)  -1) 

(^)firm  2 = (g'(Q)  + h'(Q)) 


It  remains  to  show  that 


9Q, 

(3^) firm  1 > (3^) firm  2. 
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or  that 


~(r'(Q)  + h'(Q))  -(g'(Q)  + h’(Q)  - 1) 

g’(Q)  + h’(Q)  - 1 (g'(Q)  + h'(Q)) 


Let 


X = g'(Q)  + h'(Q)  < 0 


then , 


-X  > -(x  - 1) 
(x  - 1)  < X 


or 


2 > 2 
-x^  (=)  -(x  - 1)'" 

-x^  (=)  -(x^  - 2x  + 1) 
2 > 2 

-x^  (=)  -x^  + (2x  - 1) 


since  x < 0 

-x^  > -x^  + (2x  -1) 

and,  therefore, 

3Q,  3q, 

0 > 1 > (^)£irm  2. 


Thus,  with  a general  demand  function,  the  Cournot  equilibrium  is  stable. 


One  can  now  examine  this  equilibrium  under  various  risk 
preferences.  Suppose  both  firm  1 and  firm  2 are  risk  neutral. 
Then,  since  the  covariance  terms  are  zero 


^1 


E[£]  - f(Q)  ^ . 
f'(q)  ^2 


and 


E[c]  - f.(Q)i  . 2 

f'(Q)  ^ 


If  firm  1 is  risk  averse,  then 


E[c]  - f(Q)  cov(Uj^(TT^)  , c) 
^1  ^ f’(Q)  ^ E[U|(r^]f'(Q)' 


The  second  term  is  negative,  so  the  output  of  firm  1 will  decrease. 
For  firm  2, 

= E[£]  - f(Q) 

^2  f'(Q) 


Total  industry  output  is  given  by 


Ql  + Q 


2 


E[£]  - f(Q) 
f’(Q) 


COv(Uj(TT^),  c) 
EtUj(TT^)]f'(Q) 


which  is  also  less  than  the  case  where  both  firms  were  risk  neutral 


Finally,  if  both  firms  are  risk  averse,  then,  output  will  b 
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even  smaller.  If  both  are  equally  risk  averse,  then 


however,  if  one  is  more  risk  averse,  then  that  firm  will  produce  less 
than  its  competitor. 


Comparative  Statics 

The  optimal  responses  to  a change  in  the  mean  or  variance 
of  the  distribution  of  cost  can  be  assessed  for  the  Cournot  model. 
First,  assume  a shift  0 in  the  mean  such  that  the  new  profit  function 
becomes 


E[U(it)]  = E[U(P-Q  - (c+0)Qj. 
The  first-order  condition  is 


= E[U'(tt)  Q+P-  (H  + 0)]  = 0. 


Total  differentiation  with  respect  to  0 yields, 


•<’+'46 

- (S  + 0)|2  . 


+ U'(tt)(( 


3^P 

9q2 


Q + 2—)-^-^  - 1) 
3Q  30 


= 0. 


Evaluating  at 


and  solving  for 
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^ ^ Q • E[U”(tt)(^  • Q + P - £)]  + E[U'(tt)] 

30  — ^ — — — - — — — j 

3p  ~ 2 S'^P  3p 

E[U"(tt)(—  • Q + P - c)  ] + E[U'(Tf)(—  • Q + 2~)]. 

3q  3Q  3q 

(39) 


The  denominator  of  (39)  is  the  second-order  condition  and  is 
negative.  E[U'(tt)]  and  Q are  positive.  Thus,  the  expression  of 
concern  is 

E[U"(tt)(|^  • Q + P - H)]. 

Assume  the  firm  is  a risk  averter  and  that  its  utility  function  has 
the  property  of  decreasing  absolute  risk  aversion.  That  is, 


R (tt) 
A 


-U"(TT) 
U'  (it) 


0 


and  R'  (tt)  < 0.  Let 
A 


c 


'3Q 


Q + P) 


and  denote  profit  at  this  level  of  c as  tt.  Then, 
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and 


^ ^ * Q + P) 


or 


S i (|^  • Q + P)  (40) 
’TF^OO  " "a*”’  for  a < (||  • Q + P)  . (41) 


Since  U'(Tr)  > 0,  one  knows  that 


,9P 


3p 


-U'('n')(g^  * Q + P ~ c)  ^ 0 for  c ^ (-^  • Q + P) , 


3q 


and 


. 3p  3p 

-U’(tt)(^  • Q + P - c)  < 0 for  d < (^  • Q + P). 

Multiply  (40)  and  (41)  by 

-U'(tt)(|^  • Q + P - £) 

obtaining 

Op  — Op 

U"(TT)(g-  • Q + P - E)  > -R^(tt)[U’(tt)(-^^  • Q + P - H)] 

(42) 


for  all  c.  Taking  the  expected  value  of  each  side  of  (42)  yields 
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E[U"(ti)(|^  • Q + P - a)]  > -R^(tt)  . EfU'(7T)(~  . Q + P 


From  (31),  the  right-hand  side  is  zero.  Thus, 


r)P 

E[U"(it)(-^  * Q + P - c)  ] >0  for  all  c 


and  (39)  is  negative.  Therefore, 
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< 0. 


That  is,  if  the  mean  of  the  distribution  increases,  the  optimal 
response  of  the  firm  is  to  decrease  output. 

Now  assume  a mean  preserving  increasing  in  the  variance  of 
the  distribution.  Let 


c*  = Y . c + 6 


where 


Y > 1 


^ _ 
’ 9 Y 


-u 


and 


Efc]  = p. 


The  objective  becomes. 


£)]. 


(43) 


Max  E[U(tt)]  = EfU(P  • Q - (yH  + 0)Q)] 
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and  the  first-order  condition  is 


E[U(tt)  ] 

aq 


E[U'(7t)  ( 


3q 


Q + P - (ye  + 0))] 


= 0. 


Total  differentiation  with  respect  to  y and  evaluating  at 

y = 1 


yields 


E(U"W(|t  • Q + P - E[U"W(|5 


Q + P - c)  (c  + ij)Q] 


2 

+ E[U'(tt)(—  . Q + 2---)]^  - E[U'(^)(d  + p)]. 

aq^  aq  9y 

Solving  for 


aq  _ q • E[U"(tt)  (-^  • q + P - c)(c  + (i)]  + E[U'(tt)(c  + y)] 

ay  ■ ~D  ^ ^ 


(44) 


where  D is  the  second-order  condition  and  is  negative.  In  order  to 
ascertain  the  sign  of  the  numerator,  the  first-order  condition  must 


be  expressed  as 
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9p 

E[U'(tt)(Q^  + P)]  = E[U'(7t)(S)] 


(45) 


Adding  E [U ' (it)  (|j)  ] to  each  side  yields 


E[U'(^)](q|^  + P + y)  = E[U'(tt)(£  + y)] 


(46) 


From  (45) , one  can  write 


or 


E[U’(tt)](q|^  + P)  = E[U’(7t)]  • E[S]  + cov(U'(tt),  c) 


qI^  + p - e[£]  = 


■3q 


E[U’(n)] 


(47) 


Since 


E[c]  = -y 


and  the  covariance  term  is  positive  for  the  risk-averse  firm, 


^3p 

Q^  + P + y > 0. 


(48) 


Thus , 


E[U’ (^)](q|^  + P + y)  > 0. 


And  from  (A6) 


83 


E[U'  (tt)  (c  + y)  ] >0. 

Now  working  with  the  first  part  of  the  numerator  of  (44),  it  can  be 
written  as 

P 

- Q • E[U"(tt)(Q^+  P - H)(-c  - y)].  (49) 

Add  and  subtract 
9p 

to  (49)  obtaining 

- Q{e[U"(tt)(o|^  + P - S)^]  + E[U"(TT)(-y  - - P) 

(o||  + P - £)]). 

One  knows  from  (43)  that 

9p 

E[U"(tt)(Q-^  + P - c)]  >0 

and  that 

- q|£  - P)  . -(Q  • 1^-  p p + lO 
which  from  (48)  is  negative.  Thus, 

-Q  • E[U"(TT)(-y  - Q - P)(Q  • + P - 2)]  > 0 


and 
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HP  o 

-Q  • E[U"(7t)(Q  • + P - £)^]  > 0 


since  E[U  (tt)  ] < 0 for  risk-averse  firms.  Therefore,  the  numerator 
of  (44)  is  positive  and  the  denominator  is  negative.  It  follows  that 


The  optimal  response  to  an  increase  in  variance  is  to  decrease  output. 


Differing  Cost  Expectations 

This  last  section  will  look  at  the  effects  of  differing 
expectations  of  the  mean  of  the  distribution  of  costs.  Assume  the 
linear  demand  function  case.  If  firm  1 assesses  a higher  E[c],  tlien 
the  intercept  and  slope  of  its  reaction  curve  will  change. 

Examining  the  Q^-intercept  and  the  Q^-intercept  for  firm  1, 

it  follows  that 

-intercept  1 
9 E [ c ] b ^ 

and 


9Q^-lntercept  _ 1 
9"e[c]  2b 


Thus,  as  firm  1 assesses  a higher  mean,  its  reaction  curve  shifts 
downward  to  the  left.  Refer  to  figure  10. 
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Figure  10 

It  can  be  seen  that  as  this  shift  occurs,  the  equilibrium  output 
changes.  Q2  becomes  larger  and  decreases.  It  may  happen  that 

becomes  zero  and  firm  2 takes  over  the  entire  market.  Thus,  if 
the  assessment  of  the  mean  of  firm  1 is  higher  than  that  of  firm  2, 
firm  I will  produce  less  than  firm  2.  Tlie  same  result  occurs  for  all 
previous  assumptions  about  the  utility  functions  of  the  firms. 

Summary 

The  introduction  of  cost  uncertainty  into  the  Cournot  model 
leads  to  results  significantly  different  from  the  original  model. 

If  one  or  both  of  the  duopolists  are  risk  averse,  industry  output 
declines.  This  result  holds  for  any  downward  sloping  demand  curve. 
Once  the  equilibrium  output  is  reached,  it  remains  stable.  That  is, 
there  is  no  incentive  to  move  to  a different  output  level. 

An  examination  of  the  comparative  statics  of  the  model  shows 
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that  an  increase  in  the  mean  or  the  variance  of  the  density  function 
of  cost  will  lead  to  decreased  output.  Similarly,  if  one  firm 
assesses  a higher  mean,  that  firm  will  produce  less.  Risk  aversion 
guarantees  this  result. 
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CHAPTER  VI 

CONCLUSIONS  AND  RECOMMENDATIONS 
Conclusions 

The  results  and  conclusions  evolving  from  this  study  are 
summarized  in  the  following  paragraphs.  A study  of  the  literature 
indicated  that,  in  recent  years,  an  extensive  investigation  has  been 
made  of  the  theory  of  the  firm  under  uncertainty.  The  uncertainty, 
however,  has  been  principally  restricted  to  the  demand  function.  The 
research  that  has  focused  on  the  specific  area  of  input  price 
uncertainty  is  limited  and  the  result  of  this  research  has  been 
inconclusive  or  ambiguous.  The  duopolist's  behavior  in  a stochastic 
cost  environment  has  not  been  previously  studied. 

The  analysis  of  the  competitive  firm  facing  uncertain  factor 
costs  resulted  in  significantly  different  optimal  allocations 
strategies  than  those  of  the  neoclassical  model.  First,  the  expected 
utility  maximizer  may  not  choose  capital  and  labor  such  that  it  is 
operating  at  its  cost  minimizing  capital-labor  combination.  The 
entrepreneur  is  influenced  by  his  degree  of  risk  aversion.  Second, 
it  was  shown  that  there  may  be  circumstances  under  which  the  risk- 
averse  firm  may  prefer  uncertainty  to  certainty.  Finally,  the  com- 
parative statics  of  the  stochastic  model  were  determined  and  the 
results  indicate  that  the  entrepreneur,  whose  utility  function  dis- 
plays decreasing  absolute  risk  aversion,  reacts  to  changes  in  the 
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distribution  of  random  input  prices  as  the  firm  under  certainty  would 
react  to  a change  in  the  factor  costs.  These  results  reflect  the 
growing  opinion  that  individual  firm  behavior  should  be  analyzed  in 
a stochastic  environment. 

The  analysis  of  the  competitive  firm  was  based  on  the 
assumption  that  one  factor  price  is  random  while  the  other  is  fixed. 
This  assumption  reflects  the  fact  that  many  firms  contract  for  their 
supply  of  labor.  Uncertainty  plays  a significant  role  in  negotiations 
for  these  contracts.  The  risk  attitudes  of  the  bargaining  parties 
influence  the  range  of  acceptable  wages.  It  was  shown  that  the 
ability  to  accurately  assess  the  probability  distribution  of  the  wage 
rate  and  the  utility  function  of  the  opposing  party  is  essential  for 
a bargaining  range  to  be  defined.  Uncertainty  Increases  the  range 
of  acceptable  wages,  thus,  creating  an  advantage  to  the  more  powerful 
bargainer . 

The  introduction  of  cost  uncertainty  into  the  Cournot  model 
resulted  in  the  derivation  of  optimal  behavior  that  differed  from 
the  original  model.  First,  risk  aversion  causes  the  output  of  the 
duopolists  to  decline,  but,  as  long  as  the  firms  are  equally  risk 
averse,  a stable  equilibrium  will  still  exist.  Second,  differing 
risk  attitudes  may  lead  to  the  exit  of  one  firm  from  the  market. 

These  results  hold  for  any  downward  sloping  demand  function.  Third, 
risk  aversion  causes  the  firms  to  decrease  their  outputs  as  the  mean 
or  variance  of  the  probability  density  function  Increases.  Finally, 
it  was  shown  that  differing  cost  expectations  may  result  in  changes 
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in  output.  That  is,  the  firm  assessing  a higher  mean  will  produce 
less . 


Recommendations 

In  the  course  of  carrying  out  this  study,  several  potentially 
useful  areas  of  research  were  revealed.  The  Immediate  extension  of 
this  research  would  be  to  consider  the  effects  of  input  price 
uncertainty  on  the  monopolistic  firm. 

Another  extension  would  be  to  analyze  the  sources  of  the 
randomness  in  costs.  That  is,  the  models  could  be  modified  to 
include  a component  that  directly  represents  the  uncertainty  in  the 
factor  supply  functions. 

This  study  focused  on  cost  uncertainty.  It  would  be  worth- 
while to  consider  cost  uncertainty  in  conjunction  with  demand  or 
production  function  uncertainty. 

For  further  investigation,  it  is  suggested  that  a bargaining 
model  be  developed  that  would  incorporate  uncertainty,  Bayesian  game 
theory  may  be  an  appropriate  method  for  analyzing  bargaining  behavior 
under  uncertainty. 

While  this  dissertation  examined  the  Cournot  model  under 
cost  uncertainty,  it  would  be  of  Interest  to  analyze  other  duopoly 
models  in  an  environment  of  uncertainty.  Finally,  it  is  suggested 
that  by  assuming  specific  functional  forms  for  the  random  variable, 
it  would  be  possible  to  examine  firm  behavior  from  a Bayesian  point 
of  view.  That  is,  as  the  firm  collects  information  regarding  costs, 
it  could  update  the  model  and  revise  its  optimal  behavior. 
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APPENDIX  A 


(U'(7T))  = [U'(tt)  + (tt  - Tr)U"(7T) 


, , -,2  U"'(tt),2 

+ (tt  - tt)  — 


= [U'  (tt)  ]^  + (tt  - tt) 


, , -,4,U"' (tt)  ,2 

+ (tt  - tt)  [ — 


+ 2U'  (tt)  (tt  - tt)U"(tt) 
+ 2U'  (TT)  (tt  - TT)^ 


+ 2(tt  - ^)^  U''(^)-’y’^-^V 


Taking  the  expected  value  of  each  side 


E[(U’(tt))^]  = 


[U'(tt)]^  + o^^[U"(n)]^ 

2 2 ^,U"'(^),2 

+ 0-0  • 3 - ■ ■ 

tt  TT  2 


+ U'  ('n)o^  *U'' ' (tt) 


[U'(TT)]^  + a^^[U"(TT))^ 


+ U'  (tt)  U'"  (tt)] 


P 30  ^0  2[U'-(Tr).2 
tt  TT  2 
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APPENDIX  B 


Let 


Then , 


w*  - E[w]  = 


PLO  ^[(U"(TT))^  + 2L^a  2^lllliTT).)2  1/2 
w w 2 ■ 

w 2 


X = U"(tt)^  + 2L^a 

w Z 


If.  {|fiLahK]l^^  . U'W 

w 


+ pLa[x]^'^^  • U'  (tt) 

-P  2plV[x]-1/^^^)2  . u-(.-) 


. .,5  5,  ,-1/2  ,U"'(tt),3 

+ 2pL  a [x]  • (— ^--) 


1 /2 

+ pLo[x]  • U'  (it)  } 

, lU'W  +lV  'qw.,2 


- (a|£(L^a3u"(;)' 


. , 3p  , w.,  5 5,U"’  (7t),3, 

+ (a-^  + p)  (2L  o (-  ) ) 
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Where 


+ (o^+  2p)(LoU'(tt)(U"(tt))") 


9a 
U'(^))} 


a = a . 

w 
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